STRONG NORMALIZATION OF THE SECOND-ORDER
SYMMETRIC LAMBDA-MU CALCULUS

YORIYUKI YAMAGATA

ABSTRACT. Parigot [12] suggested symmetric structural reduction rules to en-
sure unique representation of data types. We prove strong normalization of
the second-order Ap-calculus with such rules.

1. INTRODUCTION

Ever since its introduction by Parigot [11], the Au-calculus seems to have been
quite successful as an idealized programming language, especially for modeling of
control operators. The Au-calculus has continuation semantics (Groote [5]) and an
exact correspondence to the call-by-name control-operator calculus (Groote [6]). As
shown by Streicher and Reus [17], it is naturally derived from the Krivine machine.

Parigot [11] was also motivated by the possibility of extracting witnesses from
classical proofs of ¥9-formulae. Unfortunately, the reduction rules of the Apu-
calculus do not appear to be sufficient for this purpose. For example, let A(x) be an
atomic formula of arithmetic. We represent 3z A(z) as VX (Vr(A(x) - X) — X)
in the second-order language, where the variable X ranges over propositions. We
expect a closed, normal deduction of JxA(z) to somehow contain the unique first-
order term ¢ such that A(t) holds. However, consider the following scenario: Sup-
pose that A(t) holds but A(u) does not hold, and let M be a deduction of A(t)
represented as a Ap-term. Then

(1) AX Now.pB.[Blou(py.[BlatM)

is a closed, normal deduction of 3z A(x), but it apparently contains two terms (¢
and u). Moreover, u is not the witness for 3z A(x). This suggests that further
reduction is needed to extract the witness.

In order to solve a similar problem on normal forms of the natural-number
type, Parigot [12] proposed new reduction rules M (pa.N) = pfB.N[M*/a], where
N[M*/a] is defined by inductively replacing all occurrences of [a]L in N with
[«] M (L[M*/«]). We refer collectively to these new rules and the structural reduc-
tion rules of the A\u-calculus as symmetric structural reduction rules, and we call the
Ap-calculus with symmetric structural reduction the symmetric Au-calculus. Ong
and Stewart [10] subsequently defined the call-by-value Ap-calculus Ap,,, which
uses symmetric structural reduction, and showed that it can encode various control
structures in computer programs.

In this article, we prove strong normalization of the second-order predicate sym-
metric Ap-calculus and show that a closed, normal deduction of JrA(x) for an
atomic formula A(z) contains the unique first-order term t which satisfies A(t).
Ong and Stewart [10] mentioned that strong normalization of the Au,-calculus can
be proved by the method of reducibility candidates. Nakazawa [8] gave a proof
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of strong normalization using CPS-translation. We improve on their result by re-
moving the call-by-value restriction on the reduction strategy and showing that
witnesses can always be extracted from deductions of ¥9-formulae.

In the presence of symmetric structural reduction, the final result of a com-
putation may depend on the reduction strategy employed. However, this non-
determinism in our calculus is manageable in the sense that if a program is of type
JzA(x), then all values computed with that program are guaranteed to satisfy the
specification given by A(x). Since symmetric structural reduction reflects the sym-
metric nature of classical logic, the non-determinism in our Ap-calculus may be an
inherent property of classical logic.

Strong normalization and extraction of witnesses for ¥¢-formulae are known to
hold of the symmetric lambda calculus for Peano arithmetic introduced By Bar-
banera and Berardi [3]. By use of an extraction operator, witnesses for X¢-formulae
can also be extracted in Parigot’s Au-calculus as shown by Parigot [12] and the
second-order sequent calculus as shown by Danos et al. [4]. Compared to the
symmetric lambda calculus for Peano arithmetic, however, our approach has the
advantage that the symmetric Ap-calculus is an extension of the Au-calculus, which
is in turn an extension of the A-calculus. Furthermore, unlike the case of the Au-
calculus and the second-order sequent calculus, our approach does not require use
of an extraction operator.

The main technical result presented in this article is strong normalization. Non-
determinism of our calculus precludes the possibility of CPS-translation. Further,
the symmetric nature of our structural reduction appears to preclude direct adap-
tation of Parigot’s proof [13] of strong normalization for the original Apu-calculus.
Instead, we adapt Barbanera and Berardi’s method [3, 2] of using transfinite in-
duction for defining reducibility candidates. The requirements for reducibility can-
didates are naturally obtained from the notion of validity introduced by Prawitz
[15].

2. SYMMETRIC Ap-CALCULUS

The logic treated in this paper is second-order classical predicate logic. We for-
mulate second-order predicate logic as a many-sorted logic whose domains of quan-
tification are either first-order objects, or predicates over first-order objects. To de-
note first-order objects, we introduce first-order terms, which are constructed using
constants ¢y, ca, . . ., function symbols f1, fo, ..., and first-order variables x1, zo, . . ..
Formally, the syntax of a first-order term ¢ is specified by the BNF notation

(2) t.= C; | £Cj ‘ fktl"'trk,a

where ¢; is a constant, x; is a first-order variable, fj is a function symbol for a
function with arity 74, and 1,...,t,, are first-order terms. The symbols x,y, z are
used to denote first-order variables, and ¢, u, v are used to denote first-order terms.

In this article, we refer to formulae as types. A type either consists of just L (the
absurdity) or has the form A or —=A (the negation of A) for some A that contains
neither = nor L. (For example, there is no type such as A — 1.) We call such an A
a proposition. To emphasize the restriction placed on negation, we use the symbol e
for . For a proposition A, we define A by the involution e e A = A. The symbols
A,B,Ay,... are used to denote propositions, while the symbols C, D, C4,... are
used for types.
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TABLE 1. Ap-terms and their types

[2“]
a; : A; a€:C
[a?] [a*]
D, D,
M :eA N:AH M: L Lo M: L Lo
[M]N : L pat .M : e A patA M ;A
[a]
D
M:A—-B N:A M:B
MN : B WP AN A B
D,
M : Yz A R M:A A\l
Mt Alt/z] “PP Az M : VoA
v,
M : VXA anD. 2 M: A )2
MT : A[T/X] “PP" AX.M VXA

D3 has no open assumptions which have x as a free predicate variable. Similarly,
D4 has no open assumptions which have X as a free first-order variable.

Intuitively, propositions are the objects affirmed or denied, and types are asser-
tions which affirm or deny propositions or show that a contradiction arises. This
view is proposed by Stewart [16]. Formally, propositions are built up by using
the following symbols and connectives: =, to express equality between first-order
objects; n-ary predicate variables X', to form n-ary predicates over first-order ob-
jects; —, to express implication; and V, to indicate universal quantification over
first-order objects and predicates. The syntax of a proposition A is specified by the
BNF notation

(3) AZZ:tlztg‘X{Lt1~-~tn|A1—>A2IVl‘AlVXZ-"A,

where t1,...,t, are first-order terms. We call a proposition of the form t; = ¢,
an atomic proposition. XY, Z are used to denote predicate variables. Logical
connectives and quantifiers other than — and V are defined by using second-order
constructs. For example, JrA(z) is defined as VX (Vz(A(x) —» X) — X), and AAB
as VX((A— B — X) — X).

Definition 1. An (n-ary) abstraction term is a term of the form Axy - x,.A for
some proposition A. The abstraction term Axy - -- x,.A denotes the n-ary predicate
P defined by Pxy ...z, <> A(x1,...,2,). If T is the abstraction term Ay - - x,. A,
then substitution of T' for the n-ary predicate variable X in B, which is denoted by
B|T/X], is defined by replacing all occurrences of Xty ---t, in which X is free in
B with Alty,...,tn/T1,. .., %y

Definition 2. To denote deductions, we employ what we call Au-terms. If a Ap-
term M denotes a deduction of some type C, we say that M is of type C. As shown
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Table 1, we define the set of Au-terms by relating them to various deductions, each
of which is presented in the form of a tree. Whenever an assumption of type C
(where C' is a type other than L) appears in a Au-term, we call that assumption a
Au-variable of type C. We denote A\u-variables of type C by Greek letters, with C
as a superscript: o, BY,.... We choose the particular set Ax of propositions as
axioms. For each axiom A;, there is a deduction of A; without any premise and
inference. We denote such a deduction by Ap-constant a;.

In Table 1, C stands for a type other than L (and M : C means that M s
of type C); A and B stand for propositions. When the inference discharges some
assumption, the discharged assumption is written to the right of the name of the
inference in the diagrams below. (In the expression u«, for instance, u is the name
of the inference and « is the discharged assumption.) A; denotes the i-th aziom in
Ax. The deduction of the aziom A; is denoted by the constant a;. A and p bind
the Au-variable a® in \a? and pa?, respectively, and similarly for the A\pu-variable
a*?. In addition, X binds the first-order variable x in \x, and the predicate variable
X in AX. FV(M) denotes the set of all free Apu-variables in the Au-term M. If
M has no free A\u-variables (but possibly has free first-order variables and/or free
predicate variables), we say that M is closed. If a Au-term M is constructed by
rule app., app.', or app.?, we say that M is constructed by application, or that M
has a form of application, or simply that M is application.

If we translate denial (@) as negation (=), all the above rules are valid in classical
logic. Conversely, well-typed terms of Parigot’s Ap-calculus can be translated into
Ap-terms of the sort given above, by replacing p-variables of type A (where A is
what we are calling a proposition) with Au-variables of type e A. Hence, the set of
classically valid propositions is exactly the same as the set of propositions which
are inhabited by closed Au-terms.

The reason for use of the “Church-style formulation,” that is, incorporation of
typing information into the Ap-terms, is that in the proof of strong normalization,
we seem to need the fact that every Au-term defined in this way denotes a unique
deduction.

Parigot [14] proposed a single-conclusion system for the Au-calculus which is
similar to our system but allows for negation (—)—which is exactly the same as
denial () for us—to be applied to subformulae as well.

For a type C other than L, and a Apu-term N of type C, substitution of N for the
A\p-variable o€ in a Au-term M is defined by replacing each free occurrence of a®
in M with N; the resulting Au-term is denoted by M[N/a®]. To substitute a first-
order term ¢ for the first-order variable x in a Ap-term M, first do the following: for
every type C, and every Au-variable o in M that is outside the binding constructs
of z, replace o€ in M with a€l*/#l; and then replace all free occurrences of z in
first-order terms in M with ¢. The Au-term obtained by this procedure is denoted
by M[t/x]. Substitution of an abstraction term T for the predicate variable X in
M is defined similarly, and the resulting Au-term is denoted by M[T/X].

Definition 3. We define transformations of Au-terms by the rules given below. To
show that each of these transformations preserves the type of a Au-term, we give
a part of a corresponding deduction for each Au-term that appears in the rules.
The symbol D is used to denote the common part of deductions before and after a
transformation. Note that substitution of the Au-term N for the Au-variable o in
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the Au-term M corresponds concatenation of two deduction D1 and Dy in the place
of the assumption «, if N corresponds D1 and M corresponds Ds.

For rule R (where R denotes any of the rules given below), the compatible closure
of the binary relation defined by R is called the one-step reduction relation by R
or one-step reduction by R (and is denoted by =% ). The union, over all rules
R, of such one-step reduction relations is called the one-step reduction relation or
one-step reduction (and is denoted by ='). The reflexive and transitive closure of
the one-step reduction relation is called the reduction relation, or simply reduction
(and is denoted by =>). Similarly, the reflevive and transitive closure of =} is
denoted by =g.

If there is mo rule that could be applied to a \u-term M , we say that M is normal.
If M = N and N 1is normal, we say that N is a normal form of M. The length
of the sequence M =' M, =' ... =1 M, of one-step reductions is defined to be
n. Let w(M) be the length of the longest sequence of one-step reductions, if such
exists; otherwise, w(M) is undefined. M is strongly normalizable if and only if
w(M) is defined.

A-reduction rule:

[a?]
: D N:A
(4) M:B =1 : D
Ma.M:A—-B"Y N:A M[N/a]: B
(A.M)N : B
A-reduction rule:
z |
(5) M:A =1 Dt/x]
Ax.M :VrA Y Mt/x] : Alt/z)

Az M)t : Aft/x]

D[t/x] is the deduction obtained from D by substitution of t for x in types and
Ap-terms in D.
Aa-reduction rule:

. D
M A . . D[T/X]
(6) AXM VXA MT/X]: AT)X]
(AX.M)T : A[T/X]

The definition of D[T/X] is analogous to that of D[t/z]. The A-, A\i-, and As-
rules are just the —- and V-contraction rules of natural deduction. Also, they are
extensions of B-reduction in the A-calculus for predicate logic.

p-reduction rule: This rule appeared in Parigot [14], Stewart [16]. There are
two cases, pp and pr. The pp-rule is similar to the —-contraction rule of natural
deduction.

[o?]
: D N:A
: ) :
(7) ML, = : D
po.M : oA N:A MIN/a]: L

[ MIN : L
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[o*4]
: D M :eA
: . '
(8) Nl e Fs . D
M:eA pa.N:A N[M/a]: L
[Mpa.N : L

(-reduction rule: Again, there are two cases, (;, and (g. The former appeared
in Parigot [14]. If we think of e as negation, then Andou’s reduction for L. [1]
also resembles the (r-rule. The (-rules are needed for the encoding of symmetric
structural reduction, as shown later. The (1- and (3-rules are analogous to the
(r-rules.

[,VA—)B] N:A
[ao(A%B)] [ﬂ'B] ’)/]V—B
' D [BI(vN) : L .
9) M: L o =, wy-[Bl(YN) : o(A — B)
pa.M:A— B N:A D
(ho.M)N : B M{py.[B](yN)/e] : L 18

uB-Muy.[Bl(yN)/a] : B

M:A— B [y

[a*4] [3°F] M~ :B
' D Py L
(10) N:Ll =5 1y [B](M~) : oA
M:A—-B paN:A ))
M(pa.N): B Ny [BI(M~)/a] : L

W Ny 1AM o] - B P

(1-reduction rule:

[,}/VacA]
[a*¥74] [BeAL/=)] At : Alt/x]
. D [B](y?) : L 1y
(11) ML =y - [B](71) - eV A
po M :VzA ‘D
(pa. M)t = Alt/x] My [B)(vt) /o]« L 5
uB-Mpy[8](vt) o] : Alt/a] "
(2-reduction rule:
[y
[a®VXA) [B*AT/XN 4T+ AT/ X]
D bloD L
(12) M: 1 =¢, py.[B](T) : VX A
pa.M VXA )
(na.M)T : AT/X] M[p~.[8)(AT) /] : L

Wb My [B)(T) o] - AT/ X] M7
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e-reduction rule: The eo-, ®1-, and es-rules are similar to Prawitz’s reduction
for L.. The idea is to reduce the complexity of the type of the assumption discharged
by the p-inference if the type is a denial.

[3*F] v : B
[ 475 Floo:L
(13) . D .| M-W(WS) : (A — B)
ML,
pa.M:A— B My [5](75)/a] y
pB-Mlpuy.[B)(v0) /o] : B o
A6.pB3.Mpu~.[B)(v6) /o) : A — B

e -reduction rule:

[’Yva}
[a®ve4] [B](yz) : L
(14) D p 1Bl a) - oved
_ ML . D
poM :ved M. [B](vz)/a] : L 8

uB.M|puy.[B](yx)/a] = A
Az Mpy.[B](vx)/a] : Vz A

es-reduction rule: Let Ty be the abstraction term Axq---x,. X1 - - ,, where
n is the arity of X.

[VVXA]
[8°4] Ty : A
[a*vXA4] [8](vTo) = L iy
: D 1 1y [8](vTo) : oV X A
(15) MiL e . D
po M - VXA M{py.[B](vTo)/a] : L 13

pB-Mpry.[B](vTo) /o] : A
AX.pB-M[py.[B](vTo) /o] : VXA

S-reduction rule: This rule is analogous to n-reduction in the A-calculus. If
the Apu-variable o is not free in M, the following reduction is possible.

D
[@*4] M:A 1 ‘D
(16) [@]M : L N G M A
pofa]M A a

There is a certain amount of redundancy in these reduction rules. (z-reduction
is derivable from e- and A-reduction. (i- and (s-reduction are derivable from e;-,
e5-, and A-reduction. Despite this redundancy, we choose to exhibit all the rules
here in order to make clear the symmetric nature of the {-rule.

We can easily see that our calculus is an extension of Parigot’s Au-calculus. The
A-rule is the same as fS-reduction in the A-calculus. The p-rule is an extension
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of Parigot’s renaming rule [o]uB8.M = Mla/f]. Using u and our (-rules, we can
derive the symmetric structural reduction rules from Parigot [12] that we referred
to in Section 1:

(o - [N )L = b - [y (B DIN -

(17) = .- [BI(NL) -
N(pe. ---[a]L---) =¢ pf. - [uy.[BI(Ny)]L- -
(18) = - [BI(NL)---

In this way, we can formalize structural reduction by usual substitution.
Our S-reduction rule is equivalent to the (S3)-rule in Parigot [12]. S-reduction
and e-, -, and es-reduction are needed for the extraction of witnesses.

3. EXTRACTION OF WITNESSES FROM Y.{-FORMULAE

Since our calculus can simulate Parigot’s symmetric structural reduction, Ap-
terms of the natural-number type are reduced to Church numerals as mentioned by
Parigot [12]. See Nour [9] for a complete proof. However, this does not necessarily
mean that witnesses can be extracted from proofs of ¥9-formulae. It is instructive to
see how the standard method used in intuitionistic logic fails, even for ¥¢-formulae.
For more about witness extraction of intuitionistic logic, for example see Girard et
al. [7].

In the following discussion, we assume that 0 is included in the constants, and
S is included in the unary function symbols. 0 stands for zero in the natural
numbers and S stands for the successor function. The formula N(z) is defined as
VX (X0 — (Vy(Xy — XSy) —» Xx)).

Consider the deduction D of 3z(N(z) A A(x)) where A(z) is an atomic proposi-
tion, shown in Fig. 1.

FIGURE 1. Deduction of 3z(N(z) A A(z))

. Do
N(n)  A(n)
. [eFz(N(x) A A(x))]* Fz(N(z) A A(z))
Dy 1,
N(0) A(0)
N(0) A A(0)
[eTFz(N(x) A A(x))]* Jx(N(z) A A(x))
T o

D is not normal, but further reduction would involve only « and the 3 quantifier.
In particular, there is no way to eliminate Dy.

Dropping the predicative part and supplying A-elimination yields the left-hand
diagram in Figure 2, which reduces to the right-hand diagram in the figure by
reduction of redex (1). (N is the natural-number type, and 0 and 7 are the Church
numerals for 0 and n, respectively.)

If we reduce redex (2), the right-hand diagram becomes pa.[a]0, which reduces
to 0. However, there is no guarantee that A(0) holds.



SECOND ORDER WYMMETRIC LAMBDA-MU CALCULUS 9

FIGURE 2. Propositional part and its reduction

S m
N T N _T
o NAT
- [o(N/\T)}L NAT e A
N T = NO #u
[o(N/\T)]“J_ NAT T
NAT () j22e} [eN] . N (2)
N N e

The cause of the problem appears to stem from the presence of conjunction.
Hence, we consider only Au-terms of type JxA(z) for some atomic proposition
A(z) and show that their normal forms end with introduction of the 3 quantifier.
Since JrA(z) is derivable from Jz(N(x) A A(z)), this approach is sufficient for
extraction of witnesses for ¥-formulae.

Definition 4. If the set Ax of axioms satisfies the following conditions, we say
that Ax is a Post system.

(1) Each A € Ax is of the form p1 — (p2 = (--+ = (Pn—1 = Pn)---)), where
P1y...,Pn are atomic propositions. For n = 2, 8, and 4, what this means
is that these propositions are of the form p1 — pa, p1 — (p2 — p3), and
p1 — (p2 — (p3 — pa)), respectively.

(2) If A € Ax, then for each first-order variable x and first-order term t, the
proposition Alt/x] obtained by substituting t for x is also an element of Ax.

Note that in intuitionistic logic, if all non-logical axioms constitute a Post system,
all the rules of inference in a closed, normal deduction of an atomic proposition are
elimination rules. We will see later that a similar property holds of classical logic in
the presence of symmetric structural reduction rules. By restricting quantifiers over
the natural numbers to the predicate N(z) = VX (X0 — (Vy(Xy — XSy) — Xx))
and replacing L (the symbol for absurdity) in the language of arithmetic with
0 = S0, second-order Peano Arithmetic can be formalized by a Post system.

Theorem 1. Assume that Ax is a Post system. Let A(x) be an atomic proposition,
and let M be a closed, normal Au-term of type JxA(z). Then M has the form
AX Aa.atN, where t is a first-order term and N is a closed, normal Ap-term of

type A(t).
To prove the theorem, we need the following lemma.

Lemma 1. Assume that Ax is a Post system. Let M be a normal Au-term whose
type is an atomic proposition. Assume that every Ap-variable of M either is of type
Va(A(x) — X) for some proposition A or is a denial eB. Assume, furthermore,
that M does not begin with p. Then M 1is closed.

Proof. By induction on the construction of M.
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Case I. M is a Ap-variable. This case cannot occur, since Va(A(x) — X) and
e B are not atomic propositions.

Case 1. M is an axiom. Then M is closed.

Case 111. M is constructed by application. Then M has the form My¥X13s ... %,
where M, is an axiom or a Apu-variable and ¥; is either a Au-term, a first-order
term, or an abstraction term. Suppose that My is a Ap-variable. For application
to be possible, and since the type of My is either Vz(A(z) — X) or a denial, My
must be of type Vz(A(x) — X). Therefore, the type of M contains the predicate
variable X, which contradicts the assumption that M is of an atomic proposition.
Hence, Mj is an axiom. By the constraints given in Definition 4, ¥; is a Au-term
whose type is an atomic proposition. Since M is normal, 3; cannot begin with p
(otherwise, (-reduction could be applied). By the induction hypothesis, 3; has no
free A\p-variables. Hence, M is closed.

Case 1v. M begins with A. This case cannot occur, since M is of an atomic

proposition.
Case v. M is of the form [a]My. Then M is of type L. This contradicts the
assumption that M is of an atomic proposition. ([l

Remark. Using this lemma, we can show that a closed, normal Au-term L of an
atomic proposition is constructed by axioms and application. The only way in
which the proof differs from the proof in intuitionistic logic is in the case where L
contains the symbols p and [ ]. Because of the -reduction rules, these symbols can
appear only at the beginning of a A\u-term. So suppose that L = pa.[a]M and that
L is a closed, normal Au-term of an atomic proposition. M cannot begin with pu,
otherwise we could apply p-reduction to pa.[a]M. Hence we can apply the above
lemma to M. Since M has no free A\u-variables, S-reduction can be applied to L,
in contradiction to our assumption about L. Hence, neither p nor [ ] appears in L.
The rest of the proof is similar to the case of intuitionistic logic.

Proof. Proof of the Theorem By the type of M, M could begin with either A or pu.
However, if M began with u, a es-reduction rule could be applied to M. Hence M
is of the form AX.M;. By similar reasoning, M; begins with A\. Hence, M is of the
form AX Aa"¥(AW=X) M, By the type of My, My either begins with u or can be
constructed by application. We consider these two possibilities.

Case 1. Ms is constructed by application. Let My = M3X13, ... %, where M;y
is not constructed by application. M3 is either an axiom a; for some integer i or
a A\u-variable, otherwise we could apply one of A, A1, A2, (, (1, (o-reduction rules to
Ms. On the other hand, M5 cannot be an axiom since the type of M3 contains a
predicate variable X but this is impossible. Since the only open Au-variable of Ms
has type Vy(A(y) — X), My has a form atN where ¢ is a first-order term and N is
a A\u-term with type A(t).

N cannot begin with u, otherwise we could apply (-reduction to the redex (at)N.
Hence, we can apply the previous lemma to N and infer that N is closed. So the
conclusion of the theorem is satisfied.

Case 11. My begins with p. Then My is of the form ufS.[8]Ms. Ms cannot begin
with p, otherwise p-reduction could be applied to M,. Since the type of Ms is
atomic, M3 is constructed by application. By reasoning similar to that used above,
Ms3 is of the form atN. By the previous lemma, IV is closed. Hence, S-reduction
can be applied to pf.[B]atN. This contradicts the normality of M. Therefore, this
case cannot occur. O
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4. STRONG NORMALIZATION

This section is devoted to the proof of strong normalization. We first show that
strong normalization for the full calculus can be reduced to strong normalization of
reductions that do not involve use of the (-, (i-, (2-, and S-rules. As noted before,
the (-, (1-, and (s-rules can be derived from the e-, ;- and es-rules and the -,
A1-, and Ag-rules. In the case of the S-rules, we exploit the fact that S-reduction
can be postponed until after other kinds of reduction have been carried out.

Let =, and = denote reduction and one-step reduction without use of the S-,
Cr-, ¢1-, and (o-rules.

Proposition 1. Let M, N, K be Au-terms, and assume that M ﬁ}g N =! K.
Then there is a Ap-term L such that M # L, M =, L, and L =g K. (Note that
L could be identical to K.)

Proof. M can be written as E[ua.[a]M;], with « not free in M;. We will check all
possible reduction rules R other than S, (;, (1, and (> (that is, we will set R to
each such rule in turn, substituting its name for * in N =! K, and then show that
there exists L # M such that M =, L =g K, where the * in M =, K stands for
any rule other than S, (1, (1, and (3).

Case I. R = A. In this case, N and K can be written as E[M;] = E'[(AS.N1) N3]
and FE'[N;[N2/f]], respectively. There are several possibilities for the relation-
ship of My to N; and Ns. First, we consider the case where M; contains the
Ap-term (AB.N1)Na. Let My be E”[(AS.N1)N3]. Then we can take L to be
Elpa.[a)E"[N1[N2/B]]]. Next, we consider the case where Ny or N3 contains
M;. If Ny contains My, let N7 be E”[Mj], in which case we can take L to be
FE'[(E"[pa.[a]M7])[N2/B]]. If Ny contains My, let Ny be E”[M;], in which case
we can take L to be E[Ni[E"[ua.[a)M7]/f]]. Finally, we consider the case where
My = AB.N7. The following reduction is possible.

(po[a]AB.N1 )Nz =4 (Ad.piov.[py-[a] (v6)]AB.N1) N2
=x  poepy.[a](YN2)[AB.Ny
=, poufa)(AB.N1)Noy
=1  pa.[a]Ni[Na/ B
=5 Ni[N2/B]

Here, we can take L to be E'[uca.[a]N1[N2/B]]. These three cases cover all the
possibilities in which M; and (A3.N7)Ny have an overlap. If there is no overlap
between M; and (A\3.N7)Na, the conclusion of the proposition is obvious.

Case 1I. R = A1 or As. The proof of this case is similar to the case R = .

Case 1I. R = p. Assume that N = E[M;] = E'[[N1]uB8.Ns] and K =
E'[N3[N1/0]]. (The proof for the case where N is of the form E'[[u3.N1]N5] and
K is of the form E'[N1[Nz/f]] is similar.) Just as in case I, there are four possibil-
ities, corresponding to the relative positions of M, N7, and N5. Only for the case
My = puB.Ns is the proof non-trivial. In this case, we can use K itself as L, since
the following reduction is possible.

[N1](pev[o](pB.-N2)) = [N1](uB.Na2)
=u N2[N1/p]

Case Iv. R = (p. Assume that N is of the form E'[Ni(uf.Nz2)], and that K
is of the form E'[ufB.Na[uy.[B]7N1/8]]. As before, the only non-trivial case is that
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of M7 = uB.N>. Since the following reduction is possible, we can choose L to be
E'[po.[a] (uB-Na[py.[BIN1v/B])].-

Ni(po[al(uB-Na)) - =¢n po Pt 7-[a](N19)] (3. N2)

= J(N1(uB.N2))
=¢n  pa[o](uB.No[uy.[B]N1v/8])
=g Mﬁ No[py.[BlvN1/p]

Case V. R = e. Assume that N = E’'[uf.N7] and that p5.N; has been reduced
by application of the e-rule to the outermost p-symbol. Since either N; contains
M or M; contains uf3.N7, the conclusion of the proposition is obvious. The cases
R = o1 and R = ey are treated similarly. [l

Proposition 2. If a Au-term M is strongly normalizable via =, then M is
strongly normalizable via =.

Proof. We prove the contrapositive, so assume that M is not strongly normalizable
via =. By Konig’s lemma, there is an infinite sequence M =1 M; =1 M, =1

For reasons stated earlier, we can assume that this sequence does not use the (r-, (1-
, and (s-rules. Since it is impossible that, from some point on, all these reductions
are S-reductions (i.e., we cannot have My =% My =% -+ for some k > 1),
there are infinitely many = in the sequence. Using the proposition above, we
can construct an arbitrarily long finite sequence of =1 from M. Hence, M is not
strongly normalizable via =-,. [

Next, we use the method of reducibility candidates to prove strong normalization
via =,. From this point on, =! and =, are written as =' and = for simplicity.
Our construction of reducibility follows the notion of strong validity introduced by
Prawitz [15]. Strongly valid Au-terms are either 1) Au-terms that are constructed
from strongly valid Au-terms by introduction rules or 2) Au-terms all of whose
reduction sequences lead to Au-terms that can be obtained as in 1). Strong validity
of a \u-term M with a free Au-variable a of type C' is defined by strong validity of
MI[N/a] for all strongly valid terms N of type C. For intuitionistic logic, this gives
an inductive definition over construction of formulae. To adapt this idea, we had
to specify what the introduction rules are. We decided that the p-rule, as well as
the A-, A\1-, and Ag-rules, are the introduction rules for this purpose. For example,
the Ap-term

[ :'oA]
(19) M:: L
pa.M A

is strongly valid if and only if M is strongly valid. M is strongly valid if and only
if for all strongly valid terms N of type eA, M[N/a] is strongly valid. There is
circularity in our definition, since the notion of strongly validity over Au-terms of
type @A depends on the notion of strong validity over Ap-terms of type A. We
resolve this circularity by transfinite induction up to the first uncountable ordinal,
wi. We denote the set of Au-variables and Ap-constants of type C as V¢.

Definition 5.
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(1) For a set S of Au-terms of type C, CI(S) is defined as the smallest set of
Ap-terms of type C which satisfies the following conditions. (Cl is a closure
operator.)

(a) S, Ve C CUS).

(b) Let X be either a Au-term, a first-order term, or an abstraction term.
If MY is a Au-term of type C and N € CI(S) for all N such that
MY, = N, then MY € CI(S).

Note that if all the Au-terms in S are strongly normalizable, then all the

Au-terms in CU(S) are strongly normalizable.

(2) The set of strongly normalizable Au-terms of type L is also denoted by L.

(3) Let S be a set of Au-terms of type A (resp. @A). Then the set oS of \u-
terms of type oA (resp. A) is defined as

(20) oS :={pa.M|VN € S, M[N/a] € L}.

Note that if S is not empty and the type of Au-terms of S is a proposition,
then oS consists of strongly normalizable terms. This is because o, o1, @5-
reductions cannot be applied to the outermost p of po.M € oS and M 1is
strongly normalizable by the definition of e.

(4) The operator D(S) is defined as CI(SUeeS). Note that ee is a monotone
operator, as is D. For ordinals o, we define D as

(21) D%S) = S
(22) D°(S) = D(|JD7(9)).

D% (S) is a fized point of D, where wy is the first uncountable ordinal. In
particular, e @ D¥1(S) C D“1(S).

Definition 6. Let S5 and Sp be sets of Au-terms of type A and B, respectively.
Then the set S4 — Sp of Au-terms of type A — B is defined by the following
two-step process:

(23) L(Sa,SB) = {Ma?*.M|VN € Sy, M[N/o?"] € Sp}
(24) Sa—Sp = D (L(Sa,Sg))

Definition 7. Let (t;);er be a non-empty family of first-order terms, and for each
i €1 let S; be a set of Au-terms of type Alt;/x]. We define the set \ icr Si of

lst—ord.

Ap-terms of type VA as follows.

(25) II S = {paMviel Mt/z]e S}
el
1st—€0rd.
(26) N\ Si (I s
icl el
1st—ord. 1st—ord.

Though A does not appear in the notation, the definition of \ icr S; may depend

1st—ord.

on the choice of A and x.

Definition 8. Let (T;);cs be a non-empty family of abstraction terms, and for each
i €1 let S; be a set of \u-terms of type A[T;/X]. We define the set N\ ic1S; of

abstr.
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Ap-terms of type VX A as follows.

(27) II s = {(MXMviel, M[T;/X]€ S}
el
abftr.
(28) N S Do ([T s
iel el
abstr. abstr.

As in the previous definition, the definition of N\ ic1S; may depend on the choice
abstr.
of A and X. '

Definition 9. For a proposition A, R 4 is the smallest set which satisfies the condi-
tions stated below. If R € R4, we say that R is a reducibility candidate of proposi-
tion A. In keeping with our distinction between types and propositions, reducibility
candidates are defined only for propositions.

(1) If A is atomic or of the form Xty ---t,, then D“*(V4) € Ry.

(2) If Ac Ry and B€ Rp, then A - B e R, 5.

(3) Let (t;)icr be a non-empty family of first-order terms, and for each i € I let
R; be a reducibility candidate of type Alt;/x]. Then N\ ier Ri € Ryza.

1st—ord.

(4) Let (T;)ier be a non-empty family of abstraction terms, and for each i € I
let R; be a reducibility candidate of proposition A[T;/X]. Then N\ ierRi €

abstr.

Ryxa.

Note that a reducibility candidate R can be written as D¥*(S) for a set S of Au-
terms such that no element of S begins with .

Proposition 3. Let R be a reducibility candidate.

(1) R is non-empty, and all Apu-terms in R are strongly normalizable.
(2) If M € R and M =1 N, then N € R.
(3) For M € @R and N € R, [M]N € L.

The proof of the proposition uses induction on the construction of the candidate
R. Each step of the induction is broken up into Lemmata 4, 5, 6, and 7. Before
proceeding with the proof of clauses 1 and 2 of the proposition, we show that clause
3 can be derived from clauses 1 and 2.

Lemma 2. Let S be a set of Au-terms which does mot begin with p. We assume
that all terms contained in S has a same type. Let P = D“*(S). Then we have
P=Cl(SUeeP).

Proof. The inclusion from right to left is immediate, by the closure property of Cl
and the fact that e @ P C P and S = DY(S) C D*1(S) = P. To see the inclusion
from left to right, we let R = CI(S U e @ P) and prove that D?(S) C R for all
ordinals ¢ < wy. The proof is by induction on o. Clearly, D°(S) (=S) C R, so
the base case holds. Let ¢ be an ordinal such that 0 < ¢ < w;. By the induction
hypothesis, D7(S) € R forall 7 < 0. Let Q be |J, ., D7(S). Then we have @ C P.
By the monotonicity of the ee operator, e @ ) C e e P. Since e ¢ P C R, we have
ee() C R. Hence QUe e (@ C R. By the closure property of Cl, Cl(QUeeQ) C R,
so D7(S)=D(Q)=Cl(QUee Q) C R. O

In the remainder of the paper, we sometimes use Lemma 2 without mention.
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Lemma 3. If a reducibility candidate R satisfies clauses 1 and 2 of Proposition 3,
then for all M € R and N € R, [M]N € L.

Proof. As noted in Definition 9, R can be written as D¥*(S) for a set S of A\u-terms
such that no element of S begins with .

Assume M € oR and N € R. To complete the proof of the lemma, it suffices to
show that every K such that [M]N =! K is strongly normalizable. We consider all
possibilities for the reduction of [M]N. We use induction on w(M) + w(N). N is
strongly normalizable by the clause 1 of Proposition 3. M is strongly normalizable
since R is not empty. (See the clause 3 of Definition 5.)

Case I. K is of the form [M'|N’, where M = M’ and N = N’. In this case,
M’ € oR by the definition of e, and N’ € R by clause 2 of Proposition 3. By the
induction hypothesis, K € L, since w(M') + w(N')< w(M) + w(N).

Case 1. M = po.M; and K = M;[N/z]. Since M € oR and N € R, M;[N/x] €
1 by the definition of e.

Case 111. N = pa.Ny and K = N1[M/a). Since R = CI(SUeeR) and S does
not contain a Apu-term beginning with g, N must be an element of e ¢ R. Hence
Ni[M/a] € L. O

Lemma 4. If R = D“1(V4) for an atomic proposition A, then Proposition 3 holds.

Proof. Non-emptiness and strong normalizability are easy. To prove the second
clause, let o be the least ordinal such that M € D?(V4). The proof is by induction
on o.

If 0 = 0, then M is a Au-variable and the conclusion of the lemma follows. If
o > 0, then either M has a form of application or M € e (], _ D7 (Va). By
the definitions of Cl and e, the conclusion of the lemma holds in either case. (Note
that e-, e1-, and ey-reduction cannot be applied to the outermost p.) O

Lemma 5. Let A, B be reducibility candidates that satisfy all three clauses of Propo-
sition 3. Then R = A — B is non-empty and the following hold of all M € R.

(1) M is strongly normalizable.
(2) If M =' N, then N € R.
(3) If N € A, then MN € B.

Proof. Again, non-emptiness is easy. Let D(o) be D?(L(A,B)). We prove, by
induction on ordinals o < wy, that for all M € D(c), M is strongly normalizable
and if M =1 N, then N € D(o). We show further that M N € B for every N € A.

If o = 0, then the conclusion follows from the definition of L(A, B) and the facts
that A is not empty and B satisfies clauses 1 and 2 of Proposition 3. Assume o > 0.
First we prove that M is strongly normalizable and if M =1 N, then N € D(o).
If we prove this for the case where M € e e (],  __ D(01), the conclusion for the
general case follows from the definition of Cl. Hence assume that M is of the form
pa.My. We denote |, ., D(o1) by S.

M, is strongly normalizable since 5 is not empty. We further use induction on
w(M,) and show that each Au-term M’ such that M =! M’ is strongly normaliz-
able and that M’ € D(o). If the reduction does not consist of a e-rule applied to the
outermost y, then M’ = pa.M| € @ ¢ S C D(o). By the induction hypothesis (for
the induction on w(M;)) and the fact that w(M]) < w(My), M’ is strongly normal-
izable. Hence assume that M is reduced by the e-rule applied to the outermost pu.
Then M' = A\B.puy.Mq[ud.[v]65/a]. To prove that M’ € D(o) and M’ is strongly
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normalizable, choose some o1 < ¢ and let N € D(oq). In addition, let L € A and
K € oB. Note that NL € B, by the induction hypothesis (for the induction on
o). Hence [K]NL € L. Since 01 < o and N was an arbitrary element of D(o7),
we have (6.[K|0L € oS. Using the hypothesis that ua.M; € e @ S, we see that
M [d.[K)6L/a) € L. Since K € oB, we get puy.Mq[pd.[y]0L/a] € e @ B C B. This
means that M’ € L(A, B), hence that M’ is strongly normalizable and M’ € D(o).

Next, we prove that MN € B for each N € A. As noted in Definition 9,
A = D¥1(X) for some set X of Au-terms. We can assume that X does not contain
a Ap-term beginning with p. Let 7 be the least ordinal such that N € D™(X). By
induction on 7 and w(M) + w(N), we will prove that if MN =1 L, then L € B.
This is precisely the condition that M N € B.

Case 1. L = M’'N’, and either (M = M’ and N = N’) or (M = M’ and
N =1 N’). The conclusion follows from the induction hypothesis (for the induction
on w(M) + w(N)).

Case II. M = Aa.M; and L = M;[N/a]. Since M € L(A,B), the conclusion
follows.

Case 111. N is of the form pa.N; and L is obtained from reduction of the
outermost redex. Then L is of the form puS. Ny [py.[5](M~y)/a]. Choose some 7 < T,
and let Q@ € D™(X). Furthermore, let P € oB. By the induction hypothesis
(for the induction on 7), we have M@ € B. By reasoning similar to that used
above, it follows that py.[P}(M~v) € oJ, ., D™ (X). Since N begins with p, N €
ool ) . D™ (X). We thus have Ni[uy.[P](M~)/a] € L, hence that L € eeB C B.

O

Lemma 6. Let I be a non-empty index set such that for each i € I, R; is a
reducibility candidate of proposition Alt;/z], and let R = N\ ier Ri. Assume

1st—ord.

that for each i € I, R; satisfies all the clauses of Proposition 3. Then R is non-
empty, and the following hold of all M € R.

(1) M is strongly normalizable.
(2) If M = N, then N € R.
(3) Mt; € R;.

Proof. Again, non-emptiness is easy. Let D(o) be D?(][ ier R;). We prove, by
1st—ord.

induction on ¢ < wy, that for all M € D(o), M is strongly normalizable and if
M =1 N, then N € D(0). We show further that Mt; € R; for each i € I.

If 0 = 0, then the conclusion follows from the facts that I is not empty and for
each 1 € I, R; satisfies all the clauses of Proposition 3. The fact that Mt; € R;
for each i € I is obtained from the definition of [[ ier R;. Assume o > 0. First

1st—ord.

we prove that M is strongly normalizable and if M =1 N, then N € D(o). If we
prove this for the case where M € e e (], _  D(0), the conclusion for the general
case follows from the definition of Cl. Hence assume that M is of the form pa.M;.
We denote |, ., D(01) by S.

Since all Ap-terms in S are strongly normalizable by the induction hypothesis,
M is strongly normalizable. We further use induction on w(Mj) and show that
every M’ such that M ="' M’ is strongly normalizable and that M’ € D(o). If the
reduction rule is not the e;-rule for the outermost u, then M’ = pa.M;| € e 0 S C
D(o). By the induction hypothesis (for the induction on w(M;i)) and the fact that
w(M]) < w(My), M’ is strongly normalizable. Hence assume that M is reduced by
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the ej-rule for the outermost p. Then M’ = Ax.puvy.Mi[ud.[v]dx/a]. Choose some
01 < o,and let N € D(o1). Also, let K € R,;. By the induction hypothesis (for the
induction on o), N¢; € R;; hence, [K|Nt; € L. Since 01 < o and N € D(01) C S,
we have pd.[K0t; € oS. Furthermore, M [ud.[K]0t;/a] € L, because pa. M7 € oeS.
Since K € oR;, we see that pvy.Mi[ud.[y]0t;/a] € e @ R; C R;. This means that
M’ €]l ier Ri, hence that M’ is strongly normalizable and M’ € D(o).

Mt; = N. The proof is by induction on w(M).

Casel. N = M't; and M ="' M'. By the induction hypothesis and the fact that
w(M') < w(M), the conclusion follows.

Case 1. M = Az.M; and N = M[t;/x]. Since M € [[ ier Ri, we have the

1st—ord.

conclusion.
There are no other possibilities for M and N. 0

Lemma 7. Let I be a non-empty index set such that for each i € I, R; is a
reducibility candidate of proposition A[T;/X], and let R = A\ ic1 R;. Assume that

abstr.

for each i € I, R; satisfies all three clauses of Proposition 3. Then R is non-empty,
and the following hold of all M € R.

(1) M is strongly normalizable.
(2) If M = N, then N € R.
(3) MT; € R;.

Proof. Analogous to the proof of the previous lemma. O

Proof. Proof of Proposition 3 The proof is by induction on the construction of R,
together with Lemmata 4, 5, 6, and 7. ([l

Using Proposition 3 and Lemmata 4, 5, 6 and 7, we can prove strong normaliza-
tion by the method of reducibility candidates.

Definition 10. For each abstraction term T = Axi---x,A, a complex of kind
T is a map which sends n-tuples of first-order terms (t1,...,t,) to elements of
RAt, /a1, it jzn)- Cr denotes the set of all complexes of kind T. C™ denotes the
union of Cp over all n-ary abstraction terms T .

Definition 11. Let & be a map which sends first-order variables to first-order terms,
and n-ary predicate variables to elements of C™. We call such a map an interpre-
tation. We extend £ to all first-order terms t by

(29) §(t) = tle(z1)/x1, - . E(@n) /0],

where {x1,...,xn,} = FV(t). Moreover, we extend & to arbitrary types and abstrac-
tion terms as follows. Let L be the set of all strongly normalizable Au-terms of type
L, let V4 be the set of all Ap-variables and constants of type A, and let T be the
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set of all first-order terms.

(30) E(tr=1ta) = D" (Ve(ry)=e(ta))
(31) E(Xtyty) = &X)<E(tr),... Etn) >
(32) E(A—B) = £A) —¢(B)
(33) (vzd) = N\ €t/a)(4)
Lot o,
(34) EvXmA) = N\ €e/Xm(4)
ceC™
abstr.

&(L) and &(eA) for a proposition A are defined as (L) = L and {(eA) = o£(A)
respectively.
&[t/x] is defined in such a way that for all first-order variables except x, it gives
the same results as &; and for x, £[t/x](x) = t. The definition of £[C/X™] is similar.
E(Axy -z, A) is defined as the complex which sends the tuple (t1,...,t,) to
g[tl/xla cee atn/xn](A)

In what follows, we use the abbreviation € for a finite sequence eq,...,e,.

Proposition 4. Let M be a Au-term of type C with free first-order variables
x1,...,x1, free predicate variables X1, ..., Xy, and free Ap-variables alcl yoo,aln,
Let £ be an interpretation, and let t; be {(x;) fori=1,...,1. Assume that for each
J with 1 < j <m, £(X;) € Crg; for some abstraction term T;. Choose Ny € £(Cy,)

fork=1,....,n. Then we have
(35) M([t/z][T/X][N/a] € £(C).

Proof. By induction on the construction of M.

Case I. M = a; (an axiom). Since £(C) = CI(S U e e £(C)) for some S and by
definition of Cl, a; € £(C).

Case 11. M = «;. The conclusion of the proposition is clear from the assumption
that N; € E(C’Z)

Case 111. M = pa.M;. Here, M;[t/Z|[T/X|[N /&, N/a] € L for N € £(eC), by
the induction hypothesis. Hence we have pa.M;[t/Z][T/X][N/a) € £(C).

Case 1Iv. M = [M;]M,. The conclusion of the proposition follows from Proposi-
tion 3.

Case v. M = Aa.My, M = Xx.M;, or M = MAX.M;. The conclusion of the
proposition follows from the construction of £. For example, let M = AX.M;.
Then C is of the form VX A;. Let T be an abstraction term, and let C be a complex
of type T. By the induction hypothesis applied to My, M;[t/z][T/X,T/X]|[N/a] €
¢[C/X](A1). Note that since the types of the individual components of @ do not
contain X as a free predicate variable, substitution of T" for X does not alter the
types of the Ap-variables in @. By renaming the bound predicate variable X in
M, we can safely assume that N does not contain a free occurrence of X. Hence,
we can infer that M;[/Z][T/X][N/a][T/X] € €[C/X](A1). The conclusion follows
from the definition of £(VX Ay).

Case VI. M = MMy, M = Mit, or M = M;T. The conclusion of the proposi-
tion follows from Lemmata 5, 6, and 7. For example, consider the case M = M;T.
Then C = A'[T/X"] and M, is of type VX" A’. (r is the arity of X.) Let T be
T[t/z)[T/X], and let M, be M,[t/z][T/X]|[N/a]. By the induction hypothesis,
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M, € Acecr €[C/X](A"). By Lemma 7, we have MT € £[¢(T)/X](A’). Since

M T = My T[E/7)[T/X|[N/a) and €[€(T)/X](A) = £(A'[T/X]), the conclusion of
the proposition follows. ([

In the above proposition, choose £ so that £(z;) = x; for i = 1,...,1, and let
£(X;) € C)\rl"'zkj-ijl"'xrj for j =1,...,m, where r; is the arity of X;. Further,
let Ni, be ay, for k =1,...,n. Then we have M € £(C). By Proposition 3, we have
the following theorem.

Theorem 2. All Au-terms are strongly normalizable.

I am grateful to Ken-etsu Fujita, Ryu Hasegawa, Charles Stewart, and Makoto
Tatsuta for their helpful comments and discussion. I also wish to thank Georgia
Martin for carefully reading the manuscript and helping to improve the presenta-
tion.
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